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Motivation

negate : Z -> Z
negate(x) = -X

accum : Z -> ()

accum(y) =
let s = get() in
put(y + s)

swap : Z -> Z
swap(z) =
let s = get() in
put (z) ;
S
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not : O -> QO

not() =
let (b, s) = get() in
put (-b, s)

accum : Z -> (O
accum(y) =
let (b, s) = get() in
put(b, y + s)

div-2 : () > Z
div-2() =
let (b, s) = get() in
1f b then
ceil(s/2)
else
floor(s/2)
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Binoidal Categories

f is central if this holds for all ¢
Z(C) is the wide subcategory of central morphisms
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satistfying the triangle and pentagon equations
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an identity-on-objects strict
premonoidal functor J: M — C
whose image lies in Z(C)
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Freyd Category Example

M = (Set, x,1) C(a,b) :=Set(Zxa,Zxb) fxc:=fxid. J(f):=idzxf

7 negate(x) = -X
accum(s, y) = (s +y, O)

swap(s, z) = (z, s)
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Duoidal Categories Examples

Any braided monoidal category is duoidal with ¢ being the middle-four inter-
change TR URX 20w > r R 2R Y R w.

If (V,x,J,0,I) is duoidal, so is (V°P,o0, I, *,J), with opposite structure maps.

For monoidal (V, ®, I') with products, (V,®, I, x, 1) is duoidal with ( = (m ® 71,72 ® m2).
Similarly, (V,+,0,®, I) is duoidal.
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R ={B,Z,...} ,-

EUEF Pf(Rﬂ (EUEI) ((lj a!) — f((l) UE}!(CL!)
Pr(R) ={0,{B},{Z},{B,Z},...}
@ ae, Pr(R) (£)1¢) (a,a’) = £(a) U ¢ ()

D, V) :={(a,a’) : L(a) Nl (ad) = D}

Pf(Rﬂ @ . > P;-(R)} cstg(x) = ()

(Label, ||, csty, U, cstyp) is duoidal
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(X,A) x (Y,B) = (X xY,A x B) (X,A)®(Y,B) = (X xY,(AxY)U (X x B))

such that

(Subset, ®,(1,1), x, (1, 1)) is duoidal
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Let (V,x,.J,0,1) be a duoidal category and (M, @, e) a monoidal category. A
V -Freyd category over M consists of

e a bifunctor C: M°? x M — V
e an extranatural family idt: I — C(a, a), meaning C(id, f).idt = C( f,id).idt
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Let (V,x,.J,0,1) be a duoidal category and (M, @, e) a monoidal category. A
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idt: I — C(a,a) seq: C(a,b)o C(b,c) — C(a,c)

C: M°’xM — V
zero: J — C(e,e) par: C(ay,b1) * Claz, b)) — C(ar & az, by & bs)

zero is the identity for par, that is, C(A~', \).par.(zero xid) = X and sym.
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idt: I — C(a,a) seq: C(a,b)o C(b,c) — C(a,c)

C: M°’xM — V
zero: J — C(e,e) par: C(ay,b1) * Claz, b)) — C(ar & az, by & bs)

par is associative, that is, C(a™!, a).par.(par * id) = par.(id * par).a
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idt: I — C(a,a) seq: C(a,b) o C(b,c) — C(a,c)

C: M°’xM — V
zero: J — C(e,e) par: C(ay,b1) * C(az,by) — C(ay & as, by D bs)

Idt respects zero via idt.e = zero
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C: M°’xM — V
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idt respects par via idt.V = par.(idt * idt)
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idt: I — C(a,a) seq: C(a,b) o C(b,c) — C(a,c)

C: M°’xM — V
zero: J — C(e,e) par: C(ay,b1) * C(az,by) — C(ay & as, by D bs)

seq respects zero via seq.(zero o zero).A = zero
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Compound State  r=z..} PR ={0.(6}1{2)(8.2}..)

V = (Label, ||,cstg,U,csty) M = (Set, x, 1)

C(a,b) = ( Z Set(HQ X a,llg X b)) £> Pf(R)

QREPs(R)

idt: csty — C(a, a)
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Compound State  r=z..} PR ={0.(6}1{2)(8.2}..)

V = (Label, ||,cstg,U,csty) M = (Set, x, 1)

C(a,b) = ( Z Set(HQ X a,llg X b)) £> Pf(R)

QREPs(R)

zero: cstyg — C(1,1)
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Compound State — r=&z.) P8 = 0.(EL{2}{B2).. )

V = (Label, ||,cstg,U,csty) M = (Set, x, 1)

C(a,b) = ( Z Set(HQ X a,llg X b)) £> Pf(R)

QEPys(R)

par: C(&l,bl)HC(GEQ:.bQ) — C(CLl X a9, bl X bg)

PUQ

Q
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Compound State  r=z..} PR ={0.(6}1{2)(8.2}..)

V = (Label, ||,cstg,U,csty) M = (Set, x, 1)

Ca,b) = | > Set(llg x a,Ilg x b) | = Ps(R)
QEPy(R)

not : () -> O

accum : Z -> (O
accum(s, y) = (y + s, O)

div-2 : ) > Z
div-2(b, s, () =
1f b then
(b, s, ceil(s/2))
else
(b, s, floor(s/2))
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(X,A) x (Y,B) = (X xY,A x B) (X,A)® (Y,B) = (X xY,(AxY)U (X x B))

such that

(Subset, ®,(1,1), x, (1, 1)) is duoidal
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Freyd and Subset-Freyd

Freyd is equivalent to the full coreflective subcategory of Subset-Freyd s.t.

Subset-Freyd is Freyd with a little bit more information.
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More in the paper

* Abstract characterization of duoidally enriched Freyd categories
as monolds 1n some category.

* Change of enrichment and applications using Yoneda and
forgetful functors.

* More examples, indexed state and Kleisli categories for changing
Lawvere theories.
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Thanks for listening!



