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Motivation

e There are some really cool Relation Algebra (RA) tools, but:
o Some people refuse to use them
o They can be hard to compare to First-Order Logic (FOL) tools



Our Solution

e |mplement a translation between FOL and RA!
o Standalone Python tool
m Allows for many use cases
m Easily Reusable
o Thoroughly tested using Z3



Background

e Adaptation of Yoshiki Nakamura’s procedure
o Expressive Power and Succinctness of the Positive
Calculus of Relations

m Published in the proceedings of RAMICS 2020



Background
The Language for FO3
An FO3 formula ¢ is a formula over the following language, where a € A is

from a set of binary predicate symbols, z, y are from a set of three variables, and
D € D is from a set of sorts:

o, € FO3=a(z,y) |z=y|t|f|dVY|dAY |Tx € D. ¢ |Vx € D. ¢ | ¢

e Closed FO3 formulas
e Type of an occurrence of a variable
e Homogeneous vs Heterogeneous



Background

The Language for RA

An RA formula ¢ is a formula over the following language, where a is from
.A, and Dl, DQ from D:

¢, € RA =a | T[Dy,D5] | O[Dy, D3] | 1[D1] | U | dN3p | potp | ptap | | ¢t

o \Well-typed RA formulas

— Occurrences of ¢ U1 and ¢ N satisfy d(¢) = d(v)
— Occurrences of ¢ oy and ¢ T 1 satisfy do(@) = dq (V)



Background

The Interpretation Function

To describe the semantics of FO3 and RA, we use an interpretation function Z
that takes a closed formula in FO3, a formula in RA, or a domain, and produces a
Boolean, a set of pairs, or a set, respectively. An interpretation Z over a universe
U maps each expression to a subset of the Cartesian square U? = U x U such

that:
Z(0)=10
I(T) =U*
(1) = {(z,z) |z €U}
I(¢) = {(z,y) €U | (z,y) ¢ Z()}
I(¢~") = {(z,y) | (y,2) € Z(¢)}
Z(oNn) ={(z,y) | (z,y) € Z(d) A (x,y) € Z(4)}
Z(pU) ={(z,y) | (z,y) € Z(9) V (x,y) € Z(4)}
(¢ o) ={(z,y) | Fz. (z,2) € Z(P) A (2,9) € Z(¥)}
(o t9) ={(z,y) |Vz €eU. (x,2) € I($) V (2,9) € Z(¥)}



The Translation Process

Translation Steps:

1. Negation Normal Form
2. “Good’” translation
3.  “Nice” translation

4. Final step



The Translation Process

V xy. 3 z. (7 (a(x,z) A b(z,x)) A c(xy))

Translation Steps:

1. Negation Normal Form VvV xy. 3 z ((—a(x,z2) V —b(z,x)) A c(xy))

2.  “Good” translation V xy. (3 z. 7a(x,z) A c(xy)) V (3 z. —b(zx) A c(xy))

3. “Nice” translation vV xy. ((3 z. —a(x,2)) A c(xy)) V (T z. —b(z,x)) A c(xy))

4. Final step 0T ((CN-A°T) U (CN-BteT))t0



Repeated Arguments

Rlz.z)= qy. Rz y) Ax=1

This translates R(z,z) into RA as follows:

(RN1)oT

Types can be added to 1 and T' according to the type of the occurrence of z.



Heterogeneous Relation Algebra

e Checking for well-typed RA formulas

class Typed_Union:
""" This class describes the union between two typed relations argl and arg2 """
def __init_ (self, argl, arg2):
if argl.type() != arg2.type(): # Type checking
raise Exception(f'ERROR: Union type mismatch! Type 1 is:{argl.type()} and Type 2 is:{arg2.type()}")
else:
self.argumentl
self.argument2

argl
arg2

def _ str_ (self) -> str:
return f'({self.argumentl}) U ({self.argument2})"’




Heterogeneous Relation Algebra (continued)

e Treat the conjunctions that depend only on a single variable separately

Az.01(x, 2) A ¢2(z,y) translates to Py o Py

{

Az. ¢1(x, 2) A pa(2) A ¢3(2,y) is translated to Py o (PoN1)oP;




“Additional Variables”

Take the following first-order logic expression as an example:
dre Adye Bz e C.w € D. a(x,w)

[ts translation would be:

T[LeftXA] Gl ge T[DXrigh,t]



Implementation

Details

Python 3.11

Pattern Matching

def final_translation(expression, varl, var2):

This method computes the final step of the translation from FO3 into COR

match expression:

case Predicate(letter=1, argumentl=argl, argument2=arg2) if argl == varl and arg2 == argl:
return Composition(Intersection(Relation(l), IdentityRelation()), UniversalRelation())
case Predicate(letter=1, argumentl=argl, argument2=arg2) if argl == var2 and arg2 == argl:
return Composition(UniversalRelation(), Intersection(Relation(l), IdentityRelation()))
case Predicate(letter=1, argumentl=argl, argument2=arg2) if argl == varl and arg2 == var2:
return Relation(1l)
case Predicate(letter=1, argumentl=argl, argument2=arg2) if argl == var2 and arg2 == varl:
return Converse(Relation(1l))
case ff():
return EmptyRelation()
case tt():
return UniversalRelation()
case Equals(argumentl=argl, argument2=arg2) if argl == arg2:
return UniversalRelation()
case Equals(argumentl=argl, argument2=arg2) if argl == varl and arg2 == var2:
return IdentityRelation()
case Equals(argumentl=argl, argument2=arg2) if argl == var2 and arg2 == varl:

return Converse(IdentityRelation())
case OR(argumentl=argl, argument2=arg2):
return Union(final_translation(argl, varl, var2),
final_translation(arg2, varl, var2))
case AND(argumentl=argl, argument2=arg2):
return Intersection(final_translation(argl, varl, var2),
final_translation(arg2, varil, var2))
case Negation(argument=arg):
return Complement(final_translation(arg, varl, var2))




Validation

e (Generate random formulas

e Automated testing |s = z3-50lver()
s.add(z3.Not(asz3(fo3_expression) == aszZ3(final_result)))

s.set("timeout", 1000) # If this returns an error, update the z3 module
e /3-solver z3result = s.check()
if z3result == z3.sat:
print("\nzZ3 found a bug! (this is bad!)")
print(s.model())
print("\nz3 lhs: ", aszZ3(fo3_expression))
print("\nzZ3 rhs: ", asz3(final_result))
print("\nZ3 constraint: ", z3.Not(asz3(fo3_expression) == asz3(final_result)))

return -1

elif z3result == z3.unsat:
print("\nZ3 proved that the round-trip returned something equivalent (this is good!)")
return 1

else:

print("\nzZ3 timed out and returned ", z3result)
return ©




Conclusions + Future work

e \We can translate all of FOL with up to 3 variables (and a bit more)
o Untyped translation
o Typed translation
o Readable implementation
e Future work:
o Even nicer looking formulas
o More than 3 variables
o Non-binary predicates
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